We study the effective third-order nonlinear susceptibility of a graded metal-dielectric composite film of anisotropic particles with weak nonlinearity by invoking the local field effects within the Maxwell-Garnett theory. We further numerically demonstrate that the film can serve as a novel optical material to produce a broad structure in both the linear and the nonlinear response and an enhancement in the nonlinear response.
INTRODUCTION
Metal-dielectric composites have received much attention because of the potential application of their linear and nonlinear optical properties. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] Crucial elements for control of these properties are the microstructure of the composite, particle shape, and material dispersity. For anisotropically shaped metallic nanoparticles, the resonant plasmon bands split up for orientations along major and minor axes. Furthermore, in the case of a large aspect ratio, the plasmon bands may shift into the infrared, thus enabling use of metal nanostructures in telecommunication applications in this wavelength range. Compared with spherically shaped particles, anisotropically shaped metallic particles can show reduced plasmon relaxation times 16 as well as enhanced nonlinear responses 17 and may thus be used as building blocks in a variety of optical devices. Some techniques have been developed to fabricate rod-shaped metallic nanoparticles by lithographic means 18 or anisotropic growth. Recently, it was demonstrated that mega-electron-volt (MeV) ion irradiation can also be used to modify the shape of nanoparticles. 19 This ion-beam-induced anisotropic deformation effect is known to occur not only for a broad range of amorphous materials, 20 but also for crystalline materials including metals. 15 That is, prolate spheroidal metallic particles in a dielectric host can readily be formed by irradiation of MeV ions.
The optical property of thin films [21] [22] [23] [24] [25] is often different from that of the corresponding bulk material. Recently, a metal-dielectric composite ͑Au: BaTiO 3 ͒ film was investigated, and a large figure of merit (FOM) was observed. 26 In the present work, the FOM denotes the ratio of a thirdorder nonlinear susceptibility to an optical absorption. 27 If there were a larger third-order nonlinear susceptibility or a smaller linear optical absorption under certain conditions, the corresponding FOM should be relatively larger, thus making it an attractive option. In general, graded materials 28, 29 have quite different physical properties from the homogeneous materials. In particular, graded thin films were found to show better dielectric properties than single-layer films. 30 However, traditional theories 31,32 cannot be used to deal with the composites of graded particles directly. For this purpose, we put forth a first-principles approach 33, 34 and a differential effective dipole approximation. 35 Also, a large nonlinearity enhancement was found for a subwavelength multilayer film of titanium dioxide and conjugated polymer. 10 However, the surface-plasmon resonant nonlinearity enhancement often occurs concomitantly with a strong absorption, and unfortunately this behavior causes the FOM of the resonant enhancement peak to be too small to be useful.
To circumvent this problem, we shall consider a kind of graded metal-dielectric composite film, in which a dielectric (or metallic) component is introduced as anisotropically shaped particles embedded in a metallic (or dielectric) component with a compositional or shape-dependent gradation profile. This paper is organized as follows. In Section 2 we present a theory for the graded metal-dielectric composite film of anisotropically shaped particles with weak nonlinearity, and both the effective linear dielectric constant and the third-order nonlinear susceptibility of the graded structure are derived exactly within the MaxwellGarnett theory. In Section 3 we numerically calculate the linear optical absorption, the enhancement of the thirdorder optical nonlinearity, and the FOM under different conditions. We end the paper with a discussion and conclusion in Section 4.
FORMALISM
Let us consider a metal-dielectric composite film with a variation of volume fraction of anisotropic particles along the z axis perpendicular to the film (Fig. 1) . In this case, the local constitutive relation between the displacement field D͑r , ͒ and the electric field E͑r , ͒ is given by D͑r,͒ = ⑀͑r,͒E͑r,͒ + ͑r,͉͒E͑r,͉͒ 2 E͑r,͒, ͑1͒
where ⑀͑r , ͒ and ͑r , ͒ are the linear dielectric constant and third-order nonlinear susceptibility of a layer inside the graded film, respectively. Here both ⑀͑r , ͒ and ͑r , ͒ are the gradation profiles as a function of position r and field frequency .
In the present work, the weak nonlinearity condition is assumed to be satisfied. That is, the contribution of the second term [nonlinear part ͑r , ͉͒E͑r , ͉͒ 2 ] on the righthand side of Eq. (1) is much less than that of the first term [linear part ⑀͑r , ͒].
1 Next we turn to the quasistatic approximation, under which the whole graded structure can be regarded as an effective homogeneous one with an effective linear dielectric constant ⑀͑͒ and an effective third-order nonlinear susceptibility ͑͒. In this connection, ⑀͑͒ and ͑͒ are defined as
where D 0 and E 0 ͑=E 0 ê z ͒ are, respectively, the volumeaveraged displacement field and the electric field within the whole graded composite film. For calculating the nonlinear optical response, we shall apply a two-step solution. In step A, we first derive the responses of a layer inside the graded film, ⑀͑z , ͒ and ͑z , ͒. In step B, the overall responses of the graded film, ⑀͑͒ and ͑͒, are derived. In the two-step solution, we note that the local field inside the spheroidal particles is uniform, and the effective nonlinear response of a layer is therefore exact within the Maxwell-Garnett theory. When we have a nonlinear host, we have to invoke the decoupling approximation. 36 It is worth noting that step B is exact [see Eqs. (16)- (18)]. In step A, we homogenize the composite film along the x , y plane whereas in step B we further homogenize the graded film along the z axis.
A. Responses of a Layer inside the Graded Film: ⑀"z , … and "z , … It is not possible to calculate ⑀͑z , ͒ exactly in terms of the compositional or shape-dependent gradation profile. Nevertheless, to obtain an estimate of ⑀͑z , ͒, we can take a small volume element inside the layer at position z. Furthermore, this small volume element can be seen as a composite where the locations of the inclusion particles are random in the host medium. This, however, is a highly directional distribution since the long or short axis of prolate or oblate particles is parallel to the gradient along the z axis. Accordingly, the volume fraction of the inclusion is p͑z͒ for the dielectric or 1 − p͑z͒ for the metal. In this regard, the well-known Maxwell-Garnett approximation holds well to compute ⑀͑z , ͒ [as shown in Eqs. (3) and (4)]. In detail, for the dielectric particles embedded in the metallic component in a layer, ⑀͑z , ͒ can be given by the first kind of the Maxwell-Garnett approximation (MGA1) [37] [38] [39] :
where L z ͑2͒ is the depolarization factor of the dielectric particles along the z axis and satisfies a sum rule L x
is the depolarization factor of the dielectric particles along the x͑y͒ axis; ⑀ 2 [or ⑀ 1 ͑͒] stands for the dielectric constant of the dielectric (or metallic) particles; and p͑z͒ denotes the volume fraction of the dielectric particles in each layer, which is thus a compositional gradation profile as a function of position z. Alternatively, for the metallic particles embedded in the dielectric host, the second kind of the MaxwellGarnett approximation (MGA2) can be used to determine ⑀͑z , ͒, such that [37] [38] [39] 
͑4͒
where L z ͑1͒ is the depolarization factor of the metallic particles along the z axis. Similarly, there exists L z
is the depolarization factor of the metallic particles along the x͑y͒ axis. It is worth noting that L z Ͻ 1/3, =1/3, and Ͼ1 / 3 indicates the fact that the metallic (or dielectric) particles exist in the form of a prolate spheroid, sphere, and oblate spheroid, respectively. In Eqs. (3) and (4), the dielectric constant of the metal ⑀ 1 ͑͒ is given by the known Drude expression
where p denotes the bulk plasmon frequency and ␥ is the collision frequency. In case of ⑀ 1 ͑͒ Ͼ ⑀ 2 , the MGA1 always gives an upper bound whereas the MGA2 always gives a lower bound, and vice versa. The exact result must lie between the two bounds. 40 For both the MGA1 and the MGA2, the particles under discussion are randomly embedded but their orientations are all along the z axis (i.e., perpendicular to the film). The reason is that in experiments the prolate spheroidal metallic particles can be highly oriented along the direction of irradiated ions. 15 For completeness, we shall also numerically calculate the case of oblate spheroids in Section 3.
Then we calculate the effective nonlinear response for a layer at position z, ͑z , ͒,
where 1 and 2 are, respectively, the (intrinsic) thirdorder nonlinear susceptibility of the metallic and dielectric components, E 1 ͑z͒ [or E 2 ͑z͒] represents the local electric field inside the metallic (or dielectric) component within a layer at position z, E͑z͒ denotes the volumeaveraged electric field within the layer, and ͗…͘ stands for the volume average of … within the layer. To estimate ͑z , ͒, because of the existence of a nonlinear host we have to invoke the decoupling approximation
For the sake of consistency, the local field averages ͉͗E i ͑z͉͒ 2 ͘ and ͗E i ͑z͒ 2 ͘ should be determined by use of the Maxwell-Garnett technique. 41 For the MGA1, we obtain the local field averages such that
with =1/͓1−p͑z͔͒. Similarly, for the MGA2, the local field averages are given by
with Ј =1/p͑z͒.
B. Overall Responses of the Graded Film:
⑀"… and "… Because of the simple graded structure (Fig. 1) , we can use the equivalent capacitance of a series combination to calculate the linear response (i.e., optical absorption for the graded film) ⑀͑͒,
where W is the thickness of the film. By virtue of the continuity of electric displacement, we have the relation ⑀͑z,͒E͑z͒ = ⑀͑͒E 0 . ͑17͒
Then we take one step forward to obtain the effective third-order nonlinear susceptibility ͑͒ as an integral over the graded film:
NUMERICAL RESULTS
In what follows, we shall do some numerical calculations. We set both 1 and 2 to be a real and positive frequencyindependent constant 0 so that we can emphasize the enhancement of the optical nonlinearity. Without loss of generality, the film thickness W is taken to be unity. For the model calculation, we shall use the gradation profile
where a and m are constants tuning the profile. Figure 2 shows the results obtained from the MGA1 [Eq. (3)]. In Fig. 2 we display the optical absorption ϳIm͓⑀͔͑͒, the modulus of the effective third-order optical nonlinearity enhancement ͉ ͉͑͒ / 0 , and the FOM ͉ ͉͑͒ / ͕ 0 Im͓⑀͔͖͑͒ as a function of the incident angular frequency for different L z ͑2͒ . Here Im[…] means the imaginary part of … . When the layer gradation profile p͑z͒ = az m is taken into account, a broad resonant plasmon band is observed for any L z ͑2͒ of interest. In other words, the broad band is caused to appear by the effect of the positional dependence of the dielectric or metallic component. This conclusion can be made by comparing the curves in Fig. 2 with those of n = 0 (corresponding to the case in which the effects of gradation as well as the nonspherical shape are excluded) in Fig. 7 . Moreover, we find that decreasing L z ͑2͒ makes the resonant bands in both optical nonlinearity and optical absorption broader. Although the enhancement of the effective third-order optical nonlinearity is often accompanied with the appearance of the optical absorption, the FOM is an attractive option [see Fig. 2(c) ] because of the positional dependence of the dielectric or metallic components. In particular, the particle shape can also be used to enhance the FOM significantly. It is worth noting that there is a prominent surface-plasmon resonant peak that appears at somewhat higher frequencies in addition to the surface-plasmon band at lower frequencies. Figure 3 displays the results that were obtained from the MGA2 [Eq. (4)]. For Fig. 3 , we can see that the parallel-shaped metallic particles are randomly embedded in the dielectric host in each layer. In contrast, the surface-plasmon resonant peak is found to locate at lower frequencies in addition to the surface-plasmon band that locates at higher frequencies. Also, it is shown that the broad plasmon bands in optical nonlinearity and absorption are caused by the effect of gradation, when we compare the curves in Fig. 3 with those of n = 0 in Fig. 8 . Note that the latter corresponds to the case without the effects of gradation and nonspherical shape. Decreasing L z causes the plasmon bands to be broadened. This effect makes the FOM an attractive option. The MGA1 was applied to Fig. 4 in an attempt to show the effect of the gradation of the volume fraction of the dielectric by means of the gradation profile p͑z͒ = az m for different a and m. In other words, we investigate a compositional gradation profile in the film, in which the dielectric particles possess a positional-dependent volume fraction. In detail, increasing a causes the resonant plasmon bands in optical nonlinearity and absorption to be broadened [see Figs. 4(a) and 4(b) ]. Accordingly, in the case of gradation, the FOM can be more attractive [see Fig. 4(c) Similar to Fig. 4, Fig. 5 is plotted by the MGA2. First we discuss the effect of a. In both optical nonlinearity and absorption, the resonant plasmon bands are caused to be both enhanced and broadened by increasing a, yielding an attractive FOM in Fig. 5(c) . On the other hand, the m effect on the optical nonlinearity and FOM also plays a role [see Figs. 5(e) and 5(f)]; accordingly both the optical nonlinearity and the FOM can be enhanced. In addition, as a or m varies, the plasmon resonant peaks in Fig. 5 have the same redshift (located at a lower frequency) or blueshift (located at a higher frequency) behavior as those shown in Fig. 4 where the MGA1 was used.
During ion irradiation, the ion energy can be much larger at the top of the film than that at the bottom. Therefore the particles can be prolate at the top, but they are relatively spherical at the bottom. In other words, both L z ͑1͒ and L z ͑2͒ can be small at the top of the film but increase to roughly 1 / 3 at the bottom of the film. In this regard, we could introduce a gradation in the depolarization factor (Fig. 6 ) rather than in the volume fraction. Namely, in this case, L z ͑z͒ is a function of z (Fig. 6 ). For convenience, we keep the volume fraction constant [e.g., p͑z͒ = 0.85] for each layer throughout the film and take a physical profile L z ͑z͒ = ͑1/3͒z n . In particular, as n =0, we have L z ͑z͒ =1/3, i.e., the gradation in the depolarization factor and the nonspherical shape effect disappear. For different n, the corresponding results are shown in Figs. 7 and 8 for the MGA1 and MGA2, respectively. It is shown that the L z ͑z͒ profile does have a significant effect on the optical response, as expected. In Fig. 7(a) , the plasmon peak shows a reduction as well as a blueshift as n changes from zero (without gradation) to nonzero (with gradation), and accordingly the optical nonlinearity and hence the FOM are reduced. The difference between the results for different nonzero n (i.e., n =4,8,12) is not distinct (Fig. 7) . Interestingly, the L z gradation gives rise to an additional peak that appears at a lower frequency. For the MGA2 (Fig. 8) , the surface-plasmon resonant bands in optical absorption and nonlinearity are clearly visible for various L z ͑z͒ profiles [see Figs. 8(a) and 8(b) ]. In the presence of gradation, i.e., n becomes nonzero, the prominent plasmon absorption peak at n = 0 has been broadened into a plasmon band, and an additional peak is induced to appear at a lower frequency. Concomitantly, a plasmon band and a peak in optical nonlinearity also appear [ Fig. 8(b) ], and hence the FOM can be enhanced accordingly [see Fig.  8(c) ]. On the other hand, we also find that the plasmon bands in optical absorption and nonlinearity can be further broadened (and enhanced) by adopting a wider gradation profile such as L z ͑z͒ = 0.5z n (not shown here). For this type of profile, there are prolate particles at the top but oblate particles at the bottom of the film. It is possible to realize such oblate particles near the bottom of the film because of the reaction stress from the substance.
Finally, in Figs. 3(a) , 5(a), and 8(a), there are always plasmon bands plus an absorption peak as long as the gradation profile exists. Recently, an absorption peak plus a slim plasmon absorption band were indeed observed 15 in an investigation of the optical extinction spectra for ensembles of core-shell colloids with Au cores and shells embedded in an index-matching fluid. But after irradiation with 30 MeV Cu ions, a broadening of the plasmon absorption band was also observed, which was thought to attribute to the formation of Au nanorods. To account for this behavior, we believe that the particle shape and the gradation in the depolarization factor of metals and in the volume fraction of the metallic (or dielectric) component should be expected to play an important role.
To summarize, the sharp plasmon peak comes naturally from the existence of metal-dielectric interfaces. In the case of graded metallic films, there should be a broad band only, but no sharp peak. So, for the graded metaldielectric composite film under present consideration, both the plasmon peak and the broad plasmon band should appear as predicted above.
DISCUSSION AND CONCLUSION
In this paper we have studied the effective nonlinear optical response of a graded metal-dielectric composite film of anisotropic particles. On the bases of the MGA1 and MGA2 [Eqs. (3) and (4) (4)] differ only from the z-dependent volume fraction p͑z͒, in the sense that we could discuss the gradation that is perpendicular to the film and that leads to nonlinearity enhancement. As a matter of fact, the present results do not depend crucially on the particular form of the dielectric gradation profile p͑z͒ or the depolarization factor gradation profile L z ͑z͒. The only requirement is that we must have a compositional or shapedependent gradation to obtain a broad plasmon band for the composite film. It should be noted that the optical response of the graded structure depends on polarization of the incident light because the incident optical field can always be resolved into two polarizations. However, a large nonlinearity enhancement occurs only when the electric field is parallel to the direction of the gradient 10 and the other polarization does not produce nonlinearity enhancement at all. 10 The nonlinear susceptibilities of both the parallel and the perpendicular polarizations are related to the nonlinear phase shift that can be measured by using a z-scan method. 10 Following Roorda et al., 15 one could fabricate the film under the present discussion by using MeV ion irradiation. Its third-order nonlinear susceptibility could also be measured by a degenerated four-wave-mixing method, which has been used for Au/ SiO 2 composite film. 27 It is of interest to extend the present theory to composites in which graded spherical particles are embedded in a host medium 42 to account for mutual interactions among graded particles.
To sum up, we have studied the effective linear dielectric constant and third-order nonlinear susceptibility of a graded metal-dielectric composite film of anisotropic particles with weak nonlinearity by invoking the local field effects exactly within the Maxwell-Garnett theory. We have numerically demonstrated that this kind of film can serve as a novel optical material to produce a broad structure in both the linear and the nonlinear response and an enhancement in the nonlinear response.
ACKNOWLEDGMENTS
We thank P. M. Hui and L. Gao for fruitful discussions and L. Dong for her collaboration. K. W. Yu thanks T. Nakayama for the invitation and hospitality during his visit to the Hokkaido University in Sapporo, Japan, where the final version of the paper was completed. This work was supported by the Research Grants Council of the Govern- 
